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ABSTRACT

This f ina l  report describes the research carried out by members of

the Decision and Control Sciences Group at the Electronic Systems Labora-

tory , M.I .T .  during the time period February 1, 1972 to January 31, 1977

with support extended by the Air Force Of f i ce  of Scient if ic  Research under

Grant AF-AFOSR 72-2273.

The principal investigators were Professor Mi chael Athans and

Professor Sanjoy Mit ter .  The contract monitors were Lt. Colonel W .J.  Rabe

and Captain C .L .  Nefzger  of the AFOSR Directorate of Mathematical and Infor—

nation Sciences.

Research was carried out on the following main topics :

1. Modelling and Iden t i f i ca t ion  of Stochastic Systems

2. Structure  of Non—l inea r  Stochastic Systems

3. Linear and Non-linear F i l te r ing

4. Failure Detection Methods

5. Stochastic Control

6. Adaptive Control

7. Control and Estimation Problems for Systems with Time Delay

Technical  details of the research may be found in the reports , theses , and

papers cited in the references. A list of publications supported wholly or

partially by this grant Is included at the end of this report.

- . —. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~—. ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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0. Introduction

In this report we describe the work on stochastic and adaptive systems

which has been done during the period February 1, 1972 to January 31, 1977

supported by the grant AF-AFOSR 72-2273. The report is divided into two

parts. In Part 1 of this report we describe the work that has been done

during the period January 1, 1976 to January 31, 1977. A number of new inves-

tigations has been initiated during this period. In Part 2 of this report we

give a summary of research that has been accomplished during the period

February 1, 1972 to January 1, 1976. Details of this can be found in the list

of publications which has been ~ransmitted to Captain Nefzger earlier.

Research has been conducted on the following main topics :

Modelling and Identification of Stochastic Systems

Structure of Non-linear Stochastic Systems

Linear and Non-linear Filtering

Failure De tection Methods

Stochastic Control

Adaptive Con trol

Control and Es timation Problems for Sys tems with Time Delay

We remark that this work has applications to a wide class of aerospace problems.

0.1. Contributions Made in this Research Program

We feel that the major contributions of this work have been the following :

i) Modelling of noise and filtering in the presence of noise

ii) Performance Bounds for Non-linear Filters using Information Theory ideas
and development of an informational framework for the study of non-linear
f i l tering

iii) Explicit construction of finite dimensional optimal non-linear filters
for a class of non-linear systems which are important in aerospace appli—
cation s

I
.

~ 
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iv) Important insights into Consistent Estimation and Dynamic System
Identif ication

v) Stability Criteria for Feedback Systems with coloured noise gains

vi) Fil tering theory for systems wi th time del ay ,  both when the delay
is known and when it is unknown and has to be es timated

vii) Solution of the one-step delay Linear Quadratic Gaussian problem

viii) Development of a theory and algorithm fo r estimation and control of
finite state probabilistic systems over an infinite horizon using
finite memory estimators and controllers

ix) Insights into steady-state optimum stochastic control of linear systems
wi th random parame ters

x) Development of a theo,ry of estimation and control for a large class of
infinite—dimensional linear systems 

~~. . .  ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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.4.

PART 1

Description of Research done durin g the Period

January 1, 1976 to January 31 , 1977.
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1. Introduction

Research has been conducted on the fo l lowing top ics :

i)  Nodel lini and I d e n t i f i cat i on  of S tochast ic  Systems

i i)  Nonl inear  Es t imat ion

iii) Stochastic Stability

iv) Geometric Theory of Control of Linear Stochastic Systems

v) Robust Linear Quadratic Design

vi) Linear Quadratic Gaussian Stochastic Control Problem

vii) Adaptive Control

viii)  Control of F i n i t e — S tat e  ~toch i~;ti c Sy~;teins

ix) F i n i t e— S t ot e  Compensation .

This work is sur ~:r.or~ ~e~i in t h i s  sect ion ot the r ener t .  F u r t her  detai ls  can

be found in the pub l i ca t ions  and theses; re fer red  to in the text.

_____ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ., ~~~~~~~~~~~~~~~~~~~~~~
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2. Descri pt ion of Resea rch

2. 1. Modeli j uc s~ ..if ication

In order to do f i l t e r i n g  and control us ing  s ta te—space methods it is

necessary to have a ~arhov mode l of the stochastic System . Even if a Markov

model were avai lable the parameters  of the system may be unknown and may have

to be iden t i f i ed  using noisy measurements .  We have begun invest igati ng these

f undamental aspects of model l ing of stochastic systems .

2.1.1. Stochastic Real izat ion Theory

For f in i t e—dimens ion a l  conctant linear sycte~,3 a so:thisticatod rea]i—

zation theory is now available. For stochastic linear s”~;temc v~ ry l i t t le

seems to be avai lab le .  In j o i n t  work wi th  G. P i c c i  [1] a theory of s tochas t ic

r ea l i za t ions  has been i n i t i a t ed .  The goal of th is  rc ;. arch is to construct

a theory analogous to thc theory of Kalm an [2 1  fo r  deterministic l i nea r  sy ;ti ’rr ;

which  would enable us to ~~vo an i n t r i n s i c  c o n s t r u c t i on  of the i n n o vat i o n s  repre-

senta t ion of second order s tochast i c  processes. T h e  work is be ing  done by

Professor  M i t t e r .  F u r th e r  c l a r i f i c a t i o n  of the resu l t s  obta ined  in [1]  have

been made and wi l l  be reported in a for thcoming publ icat ion.

.l . . In tor r r t a t io f l ,  Con~~t~ ten t E s t i m c t .i o n ,  and Dynam ic  Systen I i en t it i *t ie:~

Mr.  Yor am Baram ,u-.d Professor  N.  R . Saridoil , J i .  h ye r ecen t ly  com:~lcte d

a study of the asym~ tot ic  behavior of various sys tem i den t i f i c a t i o n  me thods .

The study was mot ivat ed  h y another  research pro Icut in ESL in which the

dynamic  equat ions  of -~~~ a ir c r a f t  were i d e n t i f i e d  J ur i n e  f l i gh t, fo r  ~urposee

of adapt ive con t ro l .  Du~ to computer l i m i tat i . :i . , the a~ prc ich w i ;  te identif y

an ct~~ r opr i  at  model f r om  a smal l  f i n it e  set of no kW ; c e rr e a p~~n d i n q  t o  vci l o u ;

f l i r l i t  c o n d it i o n s  of th  ai~ c r a f t .  For this . ipplic.. it . t n  , i t  w e .  p a r t i c u L h i i v

ohv i o u;  tha t  the tm cv t in  (eve n n~~ :l ect Lug  non ) i i ’ ;r  1 i e~~) w iu l  d a] m~ 1 ;  t

‘ a , no r c :~ 1 ,et . l i e  ‘ i ’ . : ’ . I i  I c t .  y i n  o

~ i i t i u • n i  ; il le ; vt I 1 . .  I . i  u ,  i I ’  a n 1

1TT

~

F

~ 
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eSt i n it ~~~ arises n a t u r c i ly  for th is  appl icat ion . .~ rd ted question is how

to choose a finite n umber of :~odols to best represent the true system. Note

that both of these questions are quite distinct from the usual question of

consistency of identification methods; the problem of consistency explicitly

assumes that the true system is an admissible estimate .

With this background as motivation , the asymptotic behavior of parameter

estimates and the identification and modeling of dynamical systems were investi-

gated. Measures of the relevant information in a given sequence of observa-

tions were dafined and shown to possess useful properties , such as the metric

property on the parameter  set. The convergence of maximum likelihood and re-

lated Bayesian estimates for general observation sequences were investigated.

The s i tuat ion where the true parameter is not a member of a given parameter

set was considered as well  as the situation where the parameter set includes

the t eu c  model.  The f in it o  p ar ar e~~er set case war emphasizee for  s implici ty

in the convor~ onc ’i analys is , b~-~ th 3  results  were extended in general terms to

the in f in i t e  parameter case. It was shown that under uniqueness conditions

on the output , stat istics of linear dynamical systems ident i f icat ion procedures

converge to the true model if it is a neither of the given model set. If  the

t rue model is not a member of the set , then the estimates converge to a model in

the set , closest to the actual system in the information metric sense. Station-

ary and non—sta t ionary  systems were considered. Rates of convergence in the

mean were obtained , and the separate contributions of the stochastic and the

determi n i s tic ~‘irts of the input to the convergence rates were shown . The

a nalys is  also sa~t ’ies ted methods for approximating a h i gh order system by a low

orde r model and for selecting a representative model from a g ive n model set ,

app licable to i n f i n i te and even non—co mpact  mode l h ;e ts.

These r esu l t s  have been reported in th e  l ’h.P .  t h e s is  of ~b .  R ar a m  ( 1J

~~E:  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~

— 2 1—
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Pc to re:;ct ’

1. G. Picci , “Stochas t ic  R e al ic at i e n  f or  Gaussian t’ro .’e ; h ; ’ ’h ” , P ro ce e d i n q e
of the IEEE, Vol. 64 , No. 1, J a nu a r y  l’~76.

2. R.E. Kalman , P. 1. Falb ~ind ~i.:; . Arhib , Top ico in Mathemat i ca l  System Theory,
McGraw H i l l , New York , 19o5 .

3. Y. Bara m , “I n fo rma t ion , Consi t e nt  F ;t ir i a t i e t  and Dynamic  System I d en t i f i—
cation ’ , Massachuset ts  In st itu t e  of Technology , Cambridge , Massachuset t s ,
P h . D .  Thesis , ESL— R-718 , November 1976.

2 . 2 .  Non—l inea r  E s t i m a t i o n

2 2 . l .  Desi~~~~~ o t im a l and E f f i c i ~~~~~~~ j~t i m s l E.s t i n a t c m n P s i nq  Spt er i c n l
t t , r lnf lics  and t’o ’ i r I O L -_ A ’ a 1”~~~;;

nur  in q  the cas t  y e ar  ;.e have ~-en t u t u ’ )  our o fo rt s  f o develop o f t  ic i  ent

an d •i ccuru te  e s t imat ion  schornec f o r  n on l i n e a r  sys tems . T h e  r e sul t s  of t h i s

work an’ ’ described in de ta i l  in [1 , 2 ]  and f u r t h e r  successful  ex p e r im en t a l

re sults wi l l  be reported in (3 1 . Sp~ ci f i . c-al ly work has been concent ra tcd

in two d i rec t ions .  In the f i r s t of ttc~ e [1 , 3] we have applied techni ques

fiom the theory of spher i cal  h a rm o ni c s  in order to obta in  s imple  n o n l i near

f i l t e r  desi gn methodologies for  cer t a in  systems . Recen t ly ,  t h i s  methodology

was applied to the desi gn of a s y s t e m  for t r a c k i ng  the motion of a peint

on the sur face  of the sphere g iven noisy measurements  of pos i t ion .  In all

cases tested our f i l t e r  ou tpe r formed  or at leas t matched the performance

of the extended Kalman f i l t e r  an d a linear  minimum var~ once f i l t e r .  In

addi t ion , our f i l t e r  is far  s impler  to i m p l e m e n t .  Given th ’c e  prom is in g

r e nu l te , we are consi dor i nc e x t e n di n g  these ideas to a det a i led  look at

s 0t el lit e  t rac k i n g  and i n e rt i a l  navn •tat lan preh le ina

The second d i re c t ion , as d i scu~ scd in [ 2 ]  , ce:l i e t c  of t h e  e x a m i n a t i o n

of est  i n  i t i o n  for ;‘o r t , i i t i  finite state syct ’i .’; . As m any  non ) inear ff1 t ‘ cm i

nyc  t ‘ni ece to be i tn I ‘m at e d  i i i  a di  cr e t e  loch Lerc~ — i .0 .  cii  a dt q  it ~1 corn— 

a. ’ (‘ i t .  t i t t ~ . 0 ” t PU c’ ’t d u t n) u ”’ ‘ . t ~ ‘ a ’’ . ‘t o’ ’ ;~

by 1 i c ’  i c .. i t  ‘‘ ma i. 1 a — ( o t t O ; ’ , • i t e  ‘ ‘,,‘ l l , ’’, e • ‘ t h  ‘1 1 ~‘t ‘ t i i i  r I ’ i t ;



Wi Li; ext r emel~’ la rge n u m bs i’s of s t . ; t e  , and the  coin. m a t  us j e t;  t c o t t

e s t imat ion  1iroblem are it n p e e i ng .  I t  is preensely this issue that W O ,aldi ,‘ . 0.

S p e c i f i c a l l y ,  ‘.‘,‘ i th  tho a id  of the tos is  of f i ni t e  Four i e r  ar~a lyu in , n. .

developed ex t r eme ly  e f f i c ien t  a lgo r i thms  for  e s t i m a t i o n  in c e r t , i :n  ‘~; ; ‘ o cL a 1

cases. Future  w o r k  w i l l  involve loosening the r e st r i c t i o n s  u n der  w : i c ’ m

t echnique.; cam ;  be .gtpl  led .

E s t ima t i o n  for Svst ~ i ;a w i t h  U nknown Ti~~ D€ ’lo ys

The problem considered in [4]  is one of p rac t ica l  importance in a

var ie ty  of app l i ca t ions .  A t r ansmi t ter  sends out a signal which ; is sensed

by one or more seasore , hu t  the L r ,m m m i ss i o n  t i m e  f rom the transmitter to

each sensor is only  desor i ced  in a p r o b a b i l ist i c  fash ion . In ,iddi t ion ,

the  signal may he r e f le c te d , 1 ‘~, ; d i . n m ;  to m u l L . : e :mth observations. \‘h” would

l ike to est imat e  bot h; th~ tr . ;nsmi  ~‘d s igna l  and t h e  t r a n s m i u n i o n  t ime

del,tvs .  In [4 1 w e  hove cons ide red  several nir ’n] . i f ied versions of t,h~ i,;

problem , have obtained ima ’Lemon tab l c s  op t ima l  e s t imat ion  equat ions in cer-

ta in  cases , and have uncoverad some of the key issues involved in th ’s design

of recursive systems for such prol,lc:’;s . Work w i l l  continue in the deve lop-

ment  of us able al gor i tmir i s  f o r  proS~~nns of t h J . ;  type .

Ref;’ron”es

1. S . I .  Marcus and A .S .  Wi l lsky , “‘t he Use of Sp h e r i c a l  Harmonica  in
Suboptim,il E s t i m a t o r  Design ” , pr ocee d i ng s_ l97~ IIP ’S’ Con f e ren c e  en
Decision and Control,  Clearwater  beach , Flo rid,; , [l e cem~~ t r l’07n .

2.  A .S .  W i l i s k y ,  “ The Use o~ Crei.u ’—Th e o ret i ,c Concep ts  in S olv in g  Pr~ b1;’i’e
in EsLi r t , i t :  ion and Co n t ; s’l “ , Ps:ececd inqii 1976 IEi ”.U Colt i er e ”n ,.’L’ on foci ;;  ion
and Control , Clea rwat . ’ b each , t ” l or i  do , l)ece n b c r  I

3. S. I. t1a - i, us and 1.5. P i l’L a h v  , “ Suhopt im o l Set u n i t  or Sc;; ;q n  U sing  Sp h;’t ’ie,; i
h a rm onics : A t t a l y s i m ;  ond th ; io~r t  o i l  f l e s i S i t e ” , to h e  subn ; tt ed  t o  TSSP T1’ , ; ; ; ; ; .
on Automat  s.c Con t- . c~~l

4.  P . Y .  K,un ,i ’ed ?t. S. ‘i’ll I i  Jo.’ , ‘‘So;-;.’ p oh ; ’ 1 i n an d  p m i t  c i i  P t e l ’ )  en ;. ; Invol  v ; ; g
lt p.ic;’—’;’iir ‘ Stoc h i a s t  in’  ~~~~~ ‘cc ” , t’ t’e;’e ’ , t i u o :  1’1 7a I t - E S  ~i ; t  :‘;‘ t l c ’ o : i  P ’ c ; ; ; ; , ’; ;
, if ld CQitti’ a }  , C l C o t . ~, i t ’  ‘‘ ‘.; ‘ , i , ’b , } ‘ l c i ;  i t , ’.,  t~~~, ’ ; i ; i . ;  1 ° ;’ .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~
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2 . 2 . 2 .  Stable Non—l inea r  Observers

t4r. Safonov and Professor Athans have compLeted work which discusses

a new type of nonlinear estimator design , designated the Suboptimal Nonlinear

Observer (SNO). The SNO constitutes a simple , practical alternative to the

Extended Kalman Filter for nonlinear es t imat ion .

A hybrid between the Kalman Filter and the Nonlinear Observer*, the ENO

consists of a nonlinear internal re ference model of the system dynamics with

observations entering via a mernoryless gain acting on the residual error be—

tween predicted and actual observations. The dis t inguishing fea ture  of the

SNO is the way in which its residual gain is chosen : it  is chosen to be the

Kalman f i l te r  gain for  a nominal t ime—invarian t linearization of the system.

This choice leads to an estimator design which mainta ins  to a first approxi-

mation the minirnues-variance optimality of the Extended Kalman Filter but is

much simpler in structure.

The results obtained concerning SIlO estimators include analytically

verifiable conditions for a SIlO design to be assured of being nondivergent.

These conditions are constructive in the sense that they provide the ang ina or

with information that is helpful in making design modifications necessary to

correct divergence problems.

The SNO estimator desi gn procedure has been found to be robnm .;t ii; the

sense that the class of nonlinear systems for which SIlO designs are as s u red  of

being nondivergent is large ; this tolerance of non l inear i ty  is mathe ’:~;tically

*T. _ ,J. Tarn and Y .  Rasis , “Observ orm ; for Nonlinear Stochustic P v s i e m s” , IEEE
Trans.  on Automatic Control,  Vol.  AC—2 1 , August  1976 , p t .  441—1 4 8 .



dual to the previously reported robustness of l i n ear— q u a dr a t i c  s tate—feedback

systems against  var ia t ions  in open—loop dynamics mi nd unmodelled nonlinearity .

It has been proved that substitution of the estimates generated by a

nondivergent s:~o for the true values in an otherwise stable feedback control

system can never destabilize the closed—loop system. This result has important

practical implications regarding the utility of SIlO estimators for state re-

construction in nonlinear optimal and suboptimsal feedback control systems.

2.3. Stochastic Stabilit’,’

Followin7 the worE, of Willems and I3lsi.kes;shis [1] an the stochastic

stebil i ty of l inear  systems with a whi te—noise  mul t iplicative feedback

gain , Martin [2]  studied the more realistic case of a scalar colored-noise

mul t ipl ica t ive  feedback ga in .  This problem is c lose ly-re la ted  to the problem

o f assessing closed—loop per formance  due to a s tochas t i c  control  law , where

the control is’.’; i tself may be random if  it depends on past observat ions of

system outputs  or on parameter  est imates.  Tine case of scalar co lo red—noin e

gains studied by Mar t in  (see also Mart in  and Johnson [ .n , 4 ] )  requires sub-

s t an t i ally more than a mere formal extension of the ea r l i e r  whi te—noise

results. The algebraic complexity of the moment expressions and t he i r  bounds

previously prevented extension of Martin ’s results to the multivariable case;

dur ing  1976 th is  hurdle was overcome and results  w i l l  be presented in a f ut u r e

paper  in the I E E E  Transactions on Automatic Control , supported by this g ran t .

One of Lhe  most remarkable f ea tu res  of such s y o t c u s , imp l i c i t  in ear i~’

work of Br o e h et t  and willeins [a] , is that mnorne r.t ut ab i  h i t y  do’s’;; not imp ly

a i r e s  L—sur ’s  s t a b i l i t y ;  in  f ac t , t h e  c o nd i . t i o n ~ f o r  ;;t e ;1 ’ I I i ty  of th e hi gli;’r—

or der  i t’O51’~~i l t’.r ’. b ’sc ,m,~ pm ’u~~rcn;;ive h.y nor;; s c V ;’ l ’ ; ’ ( so n ’  [3] , ~4 ]  ) . Rel at ed pi c l i .’;;;;

h oyn ’ b e i ’m ;  st ’.miied by H t l ’ eUS [61. ‘i’iii .’i’e a re r ;’ ,~- ; ; : m , e ’ 1 ’ ’ p, m t ’ .ii i; ’ t ’ r vain ’’;;  f o t

w i ; i ’ ;h a h , i s L  . ‘~‘ : ry : ;ar i j Ie ma ’ i t  I ,  uniformly h ;nii ;n , .’;i ( i t  t b ’  ~ ; ;j t , 1 . 1 1  c i  a t

i i : :  - ‘ I I r i  S 0 ~.‘ ; ‘ ; ‘‘ i -fl I I ’ . . ’ ’ ’  ~~~ . ‘.1 ‘ 
. ‘ ‘‘ i i . ‘ . ‘ , 1;  - . ‘ ‘ U !  I . ‘ , , I ~,

‘ 4 ‘ I 
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become apparent un t i l  the recent inves t iga t ions  of Ku and A l L an . ,  [7] ,  reported

elsewhere herein . For good reasons , the use of me an—square  es t imat ion and

control cr i ter ia  has been common in both l inear  and non l inear  stochastic control

problems. Approximate solutions of such problems have often presume d moment

s tabil i ty.  Pa r ticu la r ly  in cases where uncer ta in  or s lowly—vary ing  parameters

enter inultiplicatively , mean-square criteria may yield closed-loop stochastic

stability requirements which are too conservative . These considerations may

require a fundamental reassessment of our formulation of stochmartic control

problems ; continuing research is under way .
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2 .4 .  Geometric Theory ef Control  of L inear  S tochas t i c  Systems

Professor Hitter has begun &‘velopment of qualitative theory of control

of linear stochastic sy.;temns analogous to the geometric theory of control of

linear deterministic sys t ems  as developed by Wonh am [1]. The first task in

such a development is the need to def ine  t~~i’o concept of a s tochmast ica lly  u,n—

observable subspace. This in turn  necessi ta tes  a detailed study of the

Riccati equation wi thou t  any assumptions of cont ro l labi l i ty  and observabi l i ty .

An examination of the l i t e r a tu re  on the Riccati  equation has shown that very

l i t t le is available in th is  d i rec tion  and w h a t  is avai lable  seems to be in-

correct. No resul ts  h ave been o b ta i n e d  so f a r  but an unders tanding  of the nature

of results  to be obta ined has been gained.

Re con cc

1. W .M .  c’tonham , L i ne ar  ~ u lt i v ar i~n~~lc Contr ol ,  Spr in .~’er Lecture Notes , 1975.

2 . 5 .  Closed—Lo, a SLat it’.’ E; ’na tness of :- :u Lt  l in e ’ ;  _ ‘at .im ;]. Deniqn

Ne~ res u lts ~~~~~~ i~ aoi cb’ . a .. n chara ’m t - n r i : : c ; i q  the  ret itis ti as of the

closed—loop system s ta bi l i ty  proper ty  of tr iulti loop Lç)-desi gn is the presence

of perturbat ions in the feedback c:sins as wel l  as in the open—loop system

parameters . These new resul ts  uni~~; and genera l i ze  known s t ab i l i t y  marg in

properties of LQ—des i ’-rn . The new robustness measure s are expressed ex-

p l ici t ly in terms of the wei ght in :~ nat r icen ;  in the quadr at ic  cost index.

These explici t  r e l a t i on s hi p s  prov i:i-: a new basis  for  ;;~~udy irm q the e f f e c t s

of the choice of cost Sr i  L o r i s  on th e c ios ;”d— icop st  ab i l i t y  robustness  of

the corresponding  “ o p t i r o a l ” —d es ‘op . . In p a r L i cu ’ a r  , t 1;; ’ que s t ions  of sy s t e m

rd i abil i t.y ( feedback  i n teq r i  t .y )  0 f a i l u r e ; ’, in t]’i ’  f ‘. ‘edb ,i ; ’L loop;; con - he

inv et ;  t iq~mt ed us i nj  Lint r.es r e su l t  a we ob t m ,u n ’ ‘ci .

The result. ; of ou t ’ o’ ;c , t r o . ;  a : ’ ’ ) ‘ t ’j ~~’;  t c i  i n ;

p .  . IOu ’;, ; : .  At i t  i t ;; , ‘‘ . ‘~~-5 ’. ;t r d —  I a  , o ’  ,~ i n  i i  I y t:  -~~- ; i  
~~~‘ ‘ t i  a l  flu i t  i to ‘p

T.,iimo,ir ; m ; I i- r , i t ! I ;  : t ’ ; ’  1 1 . ’s i  . ‘‘ ( l o i t h  ‘ ,s: . ; r m - ~;)

- --— - .-— ~~~~~~~~~*— --.-- ..
~~~-~~~~~~ -~~~~ - ~~~~— ---~~~ -‘~~~~ 
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2.6. Linear—QuadratiC Gaussian Stochastic Control Problems

2. U . 1. There are c’e’antless fo rrnu !dtiorm s of I sto~ h a - , L  i C ;‘;iO t.Cc)l pLobl ’ :- I r i S ,

and a great number of these have be ’.n analvoeci in per i ’.’~~ic~i l n ;  yet , surpr ises

of fundamental import may be foun d here. In a series of papers we have s tudied

control law s impli f icat iorm s which r esu lt  when the stochastic control problem

is nearly singular , in the sense that plant process or observation noises

uiay be negligztbly small. In those cases , the standard Kalman filter/quadratic

regulator solution will be unsatisfactory in steady state ; when process noise

is absent , the filter gains go to zero (the filter is oblivious to new infor-

mat ion) , and in the absence of observation noise , they become i n f i n i te  (because

they depend on the inverse of the cavar iance) . In Platznan and Johnson

it has been shown that an out~ u t— f c e d t h r o u g h  term c~ n be dete rmined in such

a way that  the foregoing problems ac’e avoided;  this  requires an innovations—

decomposition of the control law and an extension of the LQG per formance  index

to penalize the innovat ion s  par t  of the  control.  The extended problem does

not give rise to the anom alies of tt , e usual LQG problem , which are of ten  an

eni gma in practical computat ion of optima l regulators; it may provide a general

set t ing which ensures un i fo rm conv-j c ;~snce of s tochast ic  controls in the case of

small plan t or observation noise.  In  the case where some observations are noise-

less , Rom and Sarachik demonstrated that  the Bryson—Joh anson f i l t e r  followed

b y t h e  Kolm.s r~ qains i s  on op t imum , ;a t ut i on  of ’  ( i t - . ~‘o n gu l a r  LOG paob lc’m, i.* . a

r i ;; - . ;d — am: ; i ’ ’ ;  f i l L ~ c ( r ’c tu j , vale~~t - ~ mini ; .  i l — ’ . ; r l , ’r’ oI ; ; ; ’,’ rver )  can he u’~’ ’ c1. In

( 2 1  , we have studied the algebraic  st r uc t ur e  of t h is pr’oblcn and shat;~’~i that’ ,

in pr inc .i p lc; , i t  i t ;  p.~~Si h ’n~ to det er m i n e  the ont  c o r n  co:. i~’cn;; ator ’ s transfer

f u n c t i o n  di r ’r ct .  t y  and uni que l y f re~; the P l an t  t l ine  t0 i  f u r ;c t  ion and t he no i a ’

and pe rfor iri ts :’; i r n i e ,’< pac i n ’ t ’ ’; 0 .  I’~ (3], we Ii,;~’.’ ;;~ n ” .n t ha t  t h i c  sol i ; t  i c’s of

a d u i l  p r o l i l . ;  I , ;s’ L ’r e l i i ; ’ I ’ ; 0c ’5. ‘; ‘0 i S  S 1 1 : t ; ; i . i r  i s  a , h i , i I - ’ i d .  S i  \‘;‘~~~ h i s s ’;
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compensator whoa ’,’ opt j oust g a i n s  a t-c in comp lete al gebraic  d u al i t y  to the

optimum gains of Rou t and Sarach ik .  These results  provide insi ght for the

design of low—order apor ox i t sat e  st ochas t ic  contro l in the case where some of

the p lan t  and/or observation disturbances are very small .

Re f ere n ces

1. L.K. Platzman and T.L.  Johnson , “ A L inea r—Ouadra t i c—G au ss ian  Control
Problem with Inmovat ions-F’~’edthroug h Solution ” , IEEE Tra ns. Auto.
Control, Vol. 21 , Eo. 5.

2. p . B lanvil la in  and T.L.  Johnson , “ Invar ian ts  of Optimal N inimal-Order
Observer—Based Compensators ” , Proc. 1976 IEEE Conference on Decision
and Control, pp. 186— 190 , (Clearwator , F lor ida)  , Re f e ren c e  No. 10.

3. P.J .  Blanvi l la in  and T .L .  Johnson , “ Specif ic-Optimal  Control with a
Dual t4 in im a l—Or der  Observer-iLasaci Compensator ” , submit ted to m t .  J.
Con t ro l, August , 197 6.

4. T.L. Johnson , “Finite—State Coci’aeneators for Physical SysLeiss ” , ESL
Technical Memorandum No. 658, ADril , 1976.

2.6.2. Optimal Estimation and Stj c h a st i c  Control  fo r  I nt e r co n n e c t e d  Systems

~~o of the major  problems wi th  the standard K a l n a n  f i l t e r  and linear—

quadrat ic-Gaussian regula tor  are th a t  it is qui te  d i f f i c u l t  to solve the

required Riccati  equat ions  in o rder  to de termine t h e  op t ima l  gains and

also the required on- l ine  computation for these desi gns may be exorbitant.

Rece n t l y  [Re f .  2 , Section 2 . 2 . 1 . )  ye have begun to invest igate a class of

s tochast ic  control  and est imat~ or pr ob lems for  which ;  e f f i c ien t  solutions can

be obtained wi th  the aid of f ast  Four ie r  t r a n s for m  techniques .  These systems

consi st  of a collection of jd’,’n;:ce ’ii  sub systems which  are coupled together in

o symmet r ic  f , t sh ; ion . Our m i  t, t~~1 resu l t s  for  these n y ; ; t ~’ms i re quite  promisinq ,

an d ;.;,t p1~~5 t :(~ ~‘~~n t i  ;;:;~ ‘ the st u a such sy ; ;t . en i ; ;  and the app l 1 cabil it;y of our

t ’; c h u i i ;uc ; ;  to ; ;v e t  e n ;  s’iuich i t s ’ u t  ‘ ‘ xoc ’t : ly s a t i s f y  t h i -  a t  ru e t , ur ,-j l synLm e try

.1 ; ; 5;;;; I i or;;; i irt j ; . - ;~ ‘2 i i ;  t~ 0 r e t ’ c ; ;  so c ited  ,il - ’;t ” t ’.
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2 . 7 .  Adapt ive Control of Systems w i th  Pu re ly  Random Parame ters

Professor  Athan ;; and ‘lr. Richard Ku have cont inued their work on

Adaptive Control .  Pro ;~res;; has been made on the problem of optimal control

of stochastic linear systems wi th  s tochast ic  parame ters. Itt pa r t i cu la r, the

system is assumed to be a linear plant wi th  randomly varying matrices A and B

p c r t i ;t ’bed by additive c”h~~~e ~ iuscj an  n a t , ;e ,

= 
~~~~ 

+ B
~~

u
~ 

+ t 0 ,1, . . .  ,T— l

It is assutt e d tha t  the randomly varying parameters (A
~~

,B t
) and plant noise

are independent of earl; other for all t. Perfect measurements

= are assumed.

The controls  are rcst r ic ted  to the clas;;  o~ nonrandomized control

s t ra tegies of the form

~t t l
u = (~‘ , l ! )
—t I:

t 1t— l
where and = 

~~~~~~~~~~

Given the system s t ruc tu re  and in fo rmat ion  pat tern  above , it is desired

to f in d  the opt imal  control  law : t 0,1,... ,T—l } such that the expected

value of the quadrat ic  cost func t iona l
T- 1

J = x ’Fx + ~ x ’ O x  + u ’ R u
—T -‘-‘I —s s—s —s s —s

s=0

is minimized.  We assume that  Q > 0 and R > 0.

It  is found that  for  the one—dimensional  problem , th d t th e optimal

control law is of the fort ;

*
U =~~ ‘G x
t t . -t

where thc t ic ’s— rando:r, ccntrol r ; , l i l ;  is riven by

K ~ ( t ) + a h)
t-F l ab I I

I 
-‘ 

~~ 
+ 

~~~~~ ~~~~~~~~ ~ 1;~~)
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The sc i lar s  K
1 are computed ~ro:;i the backward d i f f e rence equation

2 —— 2
K (~ ( t ) +a b )

-2 1+1 ab t t
K = Q  + K  (~

. (1) 4 - a )  —

t t t+l aa t Rt + K t l
(E

bb
(t )  + b~ )

K ( T )  = F.

It is of in terest  to compute the optimal stationary control for a linear

time—invariant system with  s ta t ionary s ta t i s t ics. For the scalar system , it

is foun d that the solution to the Riccati e~ uation may not be finite.

—2 
(E
ab

+ab )
If we define m = + a —

aa ~.

bb

For m > 1, the backward s solution K
t 
becomes unbounded. The expected optimal

cost is there fore unboumded. Hence , the optimal control sysLer ;  is asymptoti cally

unstable  in the near. scr ’care sense. Since Gt has a constant  value even for

large K
~~i the sample pa th  x~ rrray lee stable , but the mean-square sense s tab i l i ty

of x cannot be established.

Necessary and s u f f ic i e n t  conditions for a randomly vary ing system to

be mean-square asymptot ical ly  stable is that the combination of levels of

parar ’a t .er u n c e r t a i n t i e s  giver,  be m i ’  le s s  than or ; ‘ . The theorem holds for  the

r-; r e  c-a;n~~Iex m ult i var i ab l e  sv st ea ;  ,;s ’:’el,l .

F r , ;:n this  import an t  resul t , va i iu t i a concepts ot  stochastic s tabi l i ty,

stochastic control labi l i ty  and ob servabi l i ty  may be established. Furthermore ,

the control law for  the system w i t h  independent parameter var iat ions  clarif ies

t h e  notion of dual  control  ara.,l t b - . ’ i nheren t  caution and probinq phenomenon

in the  inte rac t ion  of control  and i d ent i f i c a t i o n .
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2.8 .  Control of Fini te  State Stochastic Systems

2.8.1. Finite Memory Control and Est imat ion of Finite Prob abi l i st ic  Systems

A finite probabilistic system (FPS) is a stationary discrete-time

controlled stochastic dynamical process , having finite input , output, and

(internal) state sets. The partially-observable Markov decision process is

an example of such a system. FPS formulat ions provide a convenient framework

for the study of problems of state estimation , statistical decision , or con trol ,

where state informat ion  is available only through a f in i te  memoryless channel ,

and observation dynamics may depend on the inputs selected.

Notions of reachability arid detectability in FPS’s (similar to controll—

ability and observabil i ty in l inear  systems ) have been made precise. It has

been shown that every F?3 car. be reduced to components that are either reach-

able and detectable, or t rans ient , or n u l l — r e c u r r e n t .

I t  has been well know n that the informat ion vector (whose i—th entry is

the a posteriori probabi l i ty  that  the system is in state i) is a su f f i c i en t

sta t i s t ic  ( fo r  the est imation of f u t u r e  dynamics given past inputs  and outputs) .

A contraction property of the in format ion  vector t ransi t ion func t ion  has beet;

exploited to obtain procedures for 6-Optimal (arbitrarily close) approximation

of the in format ion  vector by a de te rmin is t ic  t ine- invar ian t  finite-memory observer.

Each observer state corresponded to a pa r t i cu la r  configuration of most recent

input-output  pairs . The average error  achieved by such art approximation has

been hounded by the express ion (m/m
0

) T 
, where m0 and I are parameters associated

W i t h  the observed s yst e m , and is the number of observer s ta tes .

Contro l  problem ’; , in which  t h e  average reward has been maximized over a

~ iseuunte d  or undiscounted i n f i n i t e  horizon , may he solved b y at; i t e r a t i v e  pro-

cedure  w h i c h  has  been tutven t:,e 501’S’ 2~~~~cept i ve ~~~~pOr U; j ( t ~~~ ’ i f l a u i i i.  Succte: ;si~’u iy

.‘.‘c’ ;ikc r  tu ;umpt io r i ; t ha t  t h e  cotitrollet’ ‘‘ p e r c ’ i v ’a ” ; u i - l v u j l , t l r I  e s t , i t e  ~‘u liue; ; his ;;
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t r ans fo rmed the problem in to  a seguoncc of formulat ion s  which may he solved by

dynam ic  programming.  Each so lu t ion  obtained in this manner has been used to

const ruct  a feas ible  con t ro l le r  fo rmula t ion , taking the form of a de te rminis t ic

t ime—invar iant f i n i t e — s t a t e  autonat ~ ;;; , Monoton e geometricall y con vergent

bounds , containing both the suprerrium feo ’;i u le  performance and that of the current

desi gn , have also been obtained.  Comi uta t ion  may be termin ated when these bounds

have become su f f i c i en t ly  close , or when the n umber of controller  states has

become excessively large.  Although computing a solut ion by perceptive dynamic

programming may require considerable tine ari d storage , both have been roughly

proport ional  to the numbar of cont ro l le r  states allowed in the f i n a l  i terat ion;

thus  the cost of cont ro lle r  desi gn boo r af lect ed  the cost of control ler  imple-

menta t ion .

This procedure sos applied to idealized problems of machine maintenance

and computer communicat ion, both of which  had been inves t igated by other re-

searchers . The f i r s t  problem was solved exactly ; a design sui table  cost to

the optimum was obtained for the second problem.

Detai ls  of this work can be boun d in the doctoral dissertat ion of

L .K .  P latzman en t i t l ed  “ Fini te  Eemary Est imation and Control of Finite

Probabilistic Systems” written under the direction of Professor Mit ter .

2 .  ~~. 2. Firil to— St i t ’  Cs ’pensot ion

, ‘- ‘ ; i ; I ’~ t r ; r i  t 1 r i ’  0 — ;ua d ~~- ; t i c — ri~;’;’; s ‘r Ste  l s ; r ’ ; e ,s;t r s l  p r oblems , the

only  su i c t ,u ;tj a i  cia  ro of processes for which stochastic controls mi ght he

con si  i c r ’ I  “ con~’utable ” are E,srkov chai ’;t . In th in  c~i: ;e ~s~ icy improvement

O L O  )rits ; :’L; may c0nv~’S;;e in a f in it e  number of steps (the n umber of possible

c-c ; ,t rel  laws is  de:i u ;r ’ ~~~~ o , u n - t ’ r  appropria te  assumpLions)  - F’urthertncire ,

so ’ . ; cc) -i tr ol  l, .i,-:- ar’’ 1~~re; ’ t, lv  ip -,sl , n- ’ i i t  , i h l t  l,’i~’ f ii ; i  ; ‘-‘ st~~t~ s ;ts j i ,i~~i i t ’ t a l

t:i~~
- - : - . t t ; ; ;  hiavii ; ;-, u f ;  i ‘ t e l ;  r o ’ m - t m . T’ r ’ , l l ’ - l ; i , ,  fc ’i ’ wlii ’~ I i i i . ’ ‘ i t t / si ’  ~tote ;;

I , ,_ ‘ . ‘ - ‘ , :~ 1 ’’ ‘ ~~ I ’  ‘ 
‘ v ’ ; ’  1, ~ ‘ , ,‘ ‘ r .i  1 ’  ‘ 1  i i  h i ; ’m , i t  i - i l
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pro grammina problems for  the n umerical approximat ion of the feedback operator ,

which is general ly ir i f in i t e - d i m e nsi on a l .  The ideo~ presented in ( c f .  Ref .  4 ,

Section 2.6.1.] relate to this problem. We have proposed that in cases where

the physical  variables of a contir;uou s system may be apriori bounded , then it

is in princi ple possible to un i fo rmly  approximate the optimum control law by

a finite—state (possibly asynchronous) machine . A de composition of the feed-

back mapping is also proposed. While  the ideas put for’vard in [R e f .  5 , Section

2 .6 . 1 . ]  are based on ex tens ive  pract ical  experience , they must yet be made more

precise, in i t ia l ly  t hr ’o’ccjb con siderat ion of some r ea l i s t i c  examoles.
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PART 2

Description of Research done dur ing  the Period -

F e b r uary  1, 1972 to January 1, 1976 -.



l b  ‘ H’ i s~’’ r, ’;’,; i t ’  no i s i s .  fl~ ~‘ ,t r s ~’ , , o i l ’ , .‘; 
~~~~~~~~ i t  ~‘ t t , t j ’ ; r t ’

~~~~~~~~~~~~

]~. Sue’imary Descr iot ior :  of bi ’oearch Conducted i ) u r i n o  tb ;  Per iod  1972— 1976

1.1 Modell ing of 3- No ise

A study was under taker;  to model gyroscop ic noise  which had been experi—

ment a l l y foun d to have a spectral  dens i ty  exhib i t ing  behavior .  The f i nal

obje ct ive  was to do f i l t e r i n g  in the presence of gyroscooic noise.

A l inear  i nf in i te  d imensional  mo2~~l of gyroscop ic noise was constructed.

The f i l t e r i n g  problem in the presence of gyroscop ic noise was solved com-

p letel y.  It  was shown tha t  under a r rropr ia te  d e t e c t a b i l i t y  and stab i l iza—

b i l i t y  h ypotheses the f i l t e r  was asymptot ical ly s table.  The f i l t e r  is natu-

ra l ly  i n f i n i t e  dimensional . Ths problem of f in i t e  d in~ nsional  approximation

of the f i l t e r  was i nves t i ga t ed  ~ nd Oj ~r and lower Fei-fontiance bounds of the

ar:: rox ip at e  f i l t e r  wore o t ’t a in e b .

References

1. L .D. Horowitz , “Optimal I’ilterjriq of Gyroscop ic Noi se” , Ph. D. Thesis ,
June 1974 , ~-bisoachu sett s  In s t i t u t e  of Technology , Cambridge , Massachu-
se t ts .

2.  L. t3 . Horowitz and S . K .  M i t ter , ‘ An Example of an I n f in i t e  Dimensional Fi l ter-
ing Problem: Filtering for Gyroscopic Noise” , Proceedings of the 1976 Con-
ference on Decision and Control, IEEE Control Systems Society , 76CH115O-2C5 ,
Clearwater , Florida , December 1076.

1.2 Non—linear Filtering

Research on var ious  aspects of n o n - l i n ear  f t ! te ri ng  s’,i;; done by Pro fess-

ors  :~i t t ; r  and vi l i sky  wi th  aid of  D r o .  K . P .  Dunn , J. Galdos and S. Marcus .

i . 2 . l  P er f o r o an c€ ’  Bounds for  N o n- l i ne a r  F i l t er i n q  u s i ng  I n f o r c , , i t  ion Thco~~~

Iclear ,

TSr;  importotice of th e  iionl ifl’: ;r “ i l t . er i r i g 1”roh i en in -m e.;
~’ s e  app lica—

it ;  w e l t  c r ,  i ’ , ’’;. T r i e  
~
‘ st ,‘ “t  ‘r e; t’J!ir ’r,; one 1; t o  a t ’  tv ’s i i ’ o l  t j  t u at  ion
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;:‘~~1cl~~d by non l inear  et  ‘e , Jstic diffei’r,’ntial e,v;iot tori ‘ , ~n’1 observations are

n ode by n o n l in e o r  noisy  Sr r ;H O r , ; . T h e  problem is p ar t i c u l a r ly relevant when

there i~ more than a “ r~~lJ ”  n on l i n e a r i t y  so that  the usual l inear iz ing  tech—

nicj ues fa i l  to describe ‘c’ s i t ua t ion  accurately.

The s tate of a f f a i r s  in nonl inear f i l t e r i n g  can be b r i e f ly described as

fol lows.  Progress has b - o n  produced in two largely dis jointed areas: theory

and prac t ice . The main resu l t s  in the former area are the well known repre-

sen t a t i on  theorems [5)  (~~ushn’ r— S t r e t o n o v i  ch , Bucy—N ort cn sen—Iiuncan , Frost)

c hor e ct o r iz i ng  the fun b ai-, :ntal f i  ],t - ;’ing e n t i t y , the  conditional d is t r ibut ion.

In pract ice , ad—hoc r ’eth 1;; ba .;od on extensions of l i nea r  theory and various

earsn’;torization of t b ’  condi t i ona l  dens i ty  have been used to bui ld  feas ib le

fi l te  us .  i’;w ’n ’s suf  fer  f rom the f51 lowing drawbacks:  Even the techniques that

are considered to be ‘ b~~t t c ’r ” d iverge in simple examples; t he i r  per formance

cann ot  be Oro ; ’~oc i  asoeosc ,i  ex~m ” r - t  e ’ ” h~ ”~s throuuh  b r u t e  force N onte  Carlo

s i mu lat i o n s ;  “~or ;Le Carir simulations are un re l i ab le  and are knot - n in sore

cases to peodu so over—oot i ’eist ic  r s s’s l t s.

The ot’ersl~ ob j ec tiv e  of t -b i o s tud y has been to probe in to  nonl inear  f i l-

t e r ing  by ana lyt i ca l  t-”~th sds  ra ther  than by experimental  methods whose inade-

quacy bars been consideec,i  in tb’s previous paragraph. The spec i f ic  anal y t i ra l

tool used her been Shoc.~~:r: ’ s I n f or m a t i o n  Theory .

I n f o  ; r r  t i ‘0 theory ‘‘sc r1 ’~’,’~’1, re ;’ ‘I by Shannon ( 2 1  i t t  I ho  I ste 1940’ s to

c, i 1 c c r c r s u n i c , t t t o n  I ret 1 to into o t ’ t ; t ’ r ,’r t l O t ( r 2 o i  L i  s”; ‘to :, .  I n f o ; ;’; i f  ion

f , ’; , ;’ -
. i i ss  a’; ;; i;; ’, of  r l ” r r ,;r t r : ;  it prec i s e  de f  i n  ~t ic’ ; of U ;re ’ ’ t  t a iOt 1’  j f l

t , ’I , ’;- ’, c r ’ i r ; f , r i r :~ ‘ ; .s ’ i t i ’ : ;  ( i n  r s r I  icul~i ’ m utu a l  i n t o r O  i t  1011 ) . It t i n t;
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(acceptable  d i s t o r t i o n)  can be achieved -— all  in te rms of the aforement ioned

in fo rma t ion  quan t i t i e s .  The br idge h~~tw ’sen i n f o r m a t i o n  theory and f i ltering

is therefore the reLation between u n c e r t a i nty  as character ized by info rmation

quantities and uncertainty ~~ characterized by mean square (t’iS) distortion

in the f i l t e r ing  context.

The fundanerata l  work in the informat ion theory context relating informa—
4-

tion to distortion was done by Shannon [3] who formulated what is now known

as Rate Distortion Theory. york aimed at relating information theory to

dynamical systems and filtering has been done by Gray [6], Toms [7], Goeblick

[ 4 ] ,  and t’;eidemar;m [11. The corner: difficulty found in these- studies is that

they attempt to im~c ed dyn amica l  svstetr s and, filtering into the classical in-

formation theory context w h i ch  i~ asym ut o tic  in na tu re  and wi th  interval

p e r f o r mance indices .  In  contras t  modern  f i l t e r i n g  is essentially a real time

(causal ) problem and t h e  f i l t e r i n g  r er for m a nce  index is a point pe r fo rmance

index C’iSE). Ir; thin study the filtering problem has been embedded into a

mo d i f i e d  i n f o r m a t i o n  context which is f a r  more na tu ra l  and which allows the

clearer establishment of the relation batw~ en information and MS distort ion.

Po ten t i a l ly  this  formula t ion  may allow the imposition of an info rmation

frarsawor k for  the  desion and coru arison of nonl inear  f i l t e r s .

At a more irocediately arp licable 1a~~rsl this  s tudy has resulted in the

o c v;l o : m 5 nt  of a lo’.-?or boun d or;  f ilt ~;ring Mrb: based or information quanti t ies

( rat e  di~~to;tio~ ~~~~~~~ . ,-\ ny ;r ,t ; - ; r  of such lower bounds have apreared in the

U t e C O t ’s C r  but  a l l  of suE f r :  f m ;- ’ t ir e  dr , ’;:-:hac~z t :ri L th ’ ’y  lose t h e i r  a

u’ - - f u n - s n ; ;  when car ;i do :‘-rb Is r’ a~~l in c  r u t  t v  exi t o .  °s:’ ’r ; ’ l y  Z ak a l  and Ziv (8]

a bo:in .r ’ r . ’, 05 C I t ’ . di~~tr:-r ; ion then;”,’ wh i ch in  idc l i t i on  to t hu  

—~~~— -.--‘ ——~~~~~~~ -- - - - —-
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l i ne ar i ty  consider,rttirin ‘s ic not asplicable to discrete time systems and thus

net arr;1i’c,;Llo , f or ’ example , to radar  t racking . The bound described in this

study is ba’;c’d on the Bucy representation [5] which in addition to being

easily applicable to discrete systems , provides a tighter bound on the rate

;iistort ior; funct ion and hence on I ISE .

In term,; of u sefulness , a lower bound on MSE is an excellent design tool

both before  ari d c’lurir.g the f i l t e r  design —— allowing the engineer to assess

‘,‘.‘ i, s ther  the design is feasible  fo r  the part icular  sensor under consideration

so ‘sell a’s n’roviding an ab solute with ‘.‘:hich to compare the di fferen t possible

-d~~s i cjr,’s . eoails of our ‘,;or’: can be foun d in [9 ] .
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J ’I i f l ,  -:, ,‘‘ cLI .c 1 2 ‘ ; :l  L : t  ; -  
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~~‘;; n:’s] . ‘I ~~
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‘s t  c’ :a L’’ 1;; I s -  s- i t ] 
~to’ 1 I t ’ A .’ ‘ “ : LI ‘Ha ;’: , 1’ .: i i S c . c , ’  , ~h n , ::; ]‘

1.4 ‘n I  i - I ;  I I t s’ ‘ :‘, , ‘,—.s ‘ ‘.5’ H ’  C; ~
.. ; l ’ s : u — L i  i t  ,, ‘‘ - t I C i ’ ’ ’ .  .1 , ‘ i s ’ ” -  1-2) 1

Oftosi , tIn’s inc - i ),, - ’; t .c,,i ode] of c]’,’i’..-’’ic’ .si 1’, :~.t , u ; .’ o u ’ ’ i ” n.’c. t i : O  c’a;;’ - ; H -

erat~ n ’; of unccr t cu in  C’] ,, - 15- 51:t  C . i l ic , .  t o r i  c:,; ] .1’s , n r - ’sh ; ‘1; hiu ’is Is : - .- : ;  ;2 cs’scl or ’.

st.u H]’ io ’s  c.t’,’st;s-O;~ j O l- .’i l i C h  c i j : ; t s ;n ’h,’;n ’s’crc: c c c l ’ s’s ~.dn i .i L i i’ , is’ , l .ci~ : u . ’- ’:’, control

proha l ,,- , :st i n ’s lh’J ,’ dist ;u ;’bcu:cc~ t 1r’st can 1;’; S lOts  ilS ‘c i” .  P1 • 1 C’ c’ e J , , ] ’  .1 cc: usc, ,  ; ‘,. :;
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-- ) ; ; i ’ c;; ) s .  ‘Ci ’.’o H ’  - ‘ n i l e - i i ’ s
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f l o u ,j 3’s’s.i i c u i n ’ s  I , ;  I:,, ’r ’ :’~~i( ’i : , ‘s”;’sl u i ic r  ~~~ j ’ i ’s ’ s ti c’:, , :‘s’. ;‘~~: ] n , ’ . ’ c , j j n . ’ .  is ’ ; - ’  :“‘s t : ’ , c . : c

can I ’ : :  iq n ’s c :,’, ; , it Ct] p ’s’s’ ; LUst; Ii ;;; u~s:;~’lu Lr s ’ i c c oo ’ .  i t - s  , f l  ttle  cc. ; , ’ c u t ’ l i t

“ bu .’i’ ::t ” diu , . t ; u ; i ’ ; ’c r cec . , j . c .  , pe r l oc luu  of cl’;: i, :; tcn, , : ,’ . j I I ’~ ,: .‘ ; : c ’ .~ ,, ci l i S t S  i ’  ‘ ‘ I
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of C :orc cus ’sct s i  s ’:i ;s . i conic:  osci 1 C c - i ;, ni  5 .

For Ho ; C, — : . ’ .  ‘Is’.  cent  1 r c i ’ . c ’u ; --’t I i’S; ;;‘,‘ ;d . i : T .’ ;  w i t h ’ .  hr ‘ s I r , ,’’ ~‘c’ r - - F ; ; ; ‘ i :  y c  I

cot ’, ’ l ’o ’ ,~~) :  on ‘stal l ]  ~ I y ‘.“.‘ : u . o ::’: 111 
~~~~~~~~~~~~~ 

i n . ’; ’ ;;1’; u ’t”s uc ’t ’ 1 c1 3 ’ . ’ “a  1 ’ .’ . 1 .
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‘sc. ,:; : .

In C l i . ; ; c ’ I o t ’  t ic . ;’ , i - ; - ’.I : - . - , ,t  ; : t , ’L , n l j I i .’ Co ’s c r ’ , ’ u ; c ’ ; , i ; i ” i I ,h ; i i I : ; t i :  (‘c:’ t’, I ~~~I i c I :

Li ’ ; . ’ ;  i n  11 ; ; ’  ‘s. ’ C n  i ’ i i i i ’,,- : ; n .  I I , , ; ; ;  b . c - u  t u t u  d i i  -I , ;n; ” ” r .Lu”i ’ il i i ’ ,’ ‘s f ; ; ; . :  b , i c ~~- Is:’ . , ,

H - : 2  I 1 1 ‘ ‘ .1 1 ’,’ c i ’  J i ’ On  1 ’,’ , r l . c u i . i t  1 ; c t i  v ‘i-P 1’. u ,  i s - u ;  c i  t I -  c.; : . ‘ 1 ;  ‘: 2 :: 1 1’ ‘out:
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This final report describes the research carried out by members of the
Decision and Control Sciences Group at the Electronic Systems Laboratory ,
M .I.T.  during the time period February 1, 1972 to January 31, 1977 with
support extended by the Air Force Office  of Sc ient i f ic  Research under Gran t
AF— AFOSR 72—2273.

The principal  investigators were Professor Michae l Athan s and Professor
Sanjoy K. M.ittcr . The contract monitors were Lt. Colonel W.J. Rabe and
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Captain C.L. Nefrger of the AFOSR Directorate of Mathematical and Infor-
mation Sciences.

Research was carried out on the following main topics:
1. Modelling and Identification of Stochastic Eystem. ’
2. Structure of Non—linear Stochastic Systems ’
3. Linear and Non—linear Filtering ’
4. Failure Detection Methods ’
5. Stochastic Control
6. Adaptive Control ’ ‘ ,

7. Control and Estii~iation Problems for Systems with Time Delay .
Technical details of the research stay be found in the reports , theses , and
papers cited in the references. A list of publications supported wholly or
partially by this grant is included at the end of this report.
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